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Chapter 4.1: Large Deviation Bounds
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Large Deviation Bounds

A typical probability theory statement:

Theorem (The Central Limit Theorem)

Let X1, . . . ,Xn be independent identically distributed random
variables with common mean µ and variance σ2. Then

lim
n→∞

Pr(
1
n

∑n
i=1 Xi − µ

σ/
√
n

≤ z) =
1√
2π

∫ z

−∞
e−t2/2dt.

A typical CS probabilistic tool:

Theorem (Chernoff Bound)

Let X1, . . . ,Xn be independent Bernoulli random variables such
that Pr(Xi = 1) = pi . Let µ = 1

n

∑n
i=1 pi , then

Pr(
1

n

n∑
i=1

Xi ≥ (1 + δ)µ) ≤ e−µnδ2/3.
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The basic Bound

Theorem (Chernoff Bound)

Let X1, . . . ,Xn be independent Bernoulli random variables such that
Pr(Xi = 1) = pi . Let X = 1

n

∑n
i= Xi and µ = E [X ] = 1

n

∑n
i=1 pi , then

Pr(
1

n

n∑
i=1

Xi ≥ (1 + δ)µ) ≤ e−µnδ2/3.

Applying Markov Inequality, for any t > 0,

Pr(X ≥ (1 + δ)µ) = Pr(etnX ≥ etn(1+δ)µ) ≤ E[etnX ]

etn(1+δ)µ
.

Since the Xi ’s are independent, E[etnX ] =
∏n

i=1 E[e
tXi ].

Theorem (Markov Inequality)

If a random variable X is non-negative (X ≥ 0) then Prob(X ≥ a) ≤ E [X ]
a

.
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Let X = 1
n

∑n
i= Xi , and E[etnX ] =

∏n
i=1 E[e

tXi ].

E[etXi ] = pie
t + (1− pi ) = 1 + pi (e

t − 1) ≤ epi (e
t−1)

E[etnX ] =
n∏

i=1

E[etXi ] ≤
n∏

i=1

epi (e
t−1) = e

∑n
i=1 pi (e

t−1) = e(e
t−1)nµ

For any t > 0,

Pr(X ≥ (1+δ)µ) = Pr(etnX ≥ et(1+δ)nµ) ≤ E[etnX ]

et(1+δ)nµ
≤ e(e

t−1)nµ

et(1+δ)nµ

For any δ > 0, we can set t = ln(1 + δ) > 0 to get:

Pr(X ≥ (1 + δ)µ) ≤
(

eδ

(1 + δ)(1+δ)

)nµ

≤ e−nµδ2/3
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Comparing the Different Bounds

Consider n coin flips. Let X be the number of heads.
Markov Inequality gives

Pr

(
X ≥ 3n

4

)
≤ n/2

3n/4
≤ 2

3
.

Using the Chebyshev’s bound we have:

Pr
(∣∣∣X − n

2

∣∣∣ ≥ n

4

)
≤ n/4

n2/16
=

4

n
.

Using the Chernoff bound in this case, we obtain

Pr

(
X ≥ n

2

(
1 +

1

2

))
≤ e−

1
3
n
2
1
4
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Why Strong Bounds?

• A service provider sells contracts to N customers.

• At the beginning of each day a customer requests a server for the
day with probability p, independent of all other requests.

• If the number of requests exceeds the number of servers the system
crashes.

• How many servers does the provider need to install so that the
probability of a crash is smaller than 1/N?

Let X be the number of requests. E [X ] = Np, Var [X ] = Np(1− p).
Assume that Np +M servers are installed.

Using Chebyshev’s inequality Pr(X ≥ M + E [X ]) ≤ Np(1−p)
M2 ≤ 1

N . We

need M ≥ N
√
p(1− p).

Using Chernoff inequality Pr(X ≥ Np(1 + M
Np ) ≤ e−

Np
3 ( M

Np )
2

≤ 1/N. We

need M ≥ 3
√
Np log(1/n).
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Moment Generating Function

Definition

The moment generating function of a random variable X is defined
as

MX (t) = E[etX ],

for any real value t for which the expectation exists (is bounded).

The moment generating function uniquely defines a distribution:

Theorem

Let X and Y be two random variables. If MX (t) = MY (t) in some
neighborhood of 0, then X and Y have the same distribution.
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Theorem

Let X be a random variable with moment generating function
MX (t). Assuming that exchanging the expectation and
differentiation operands is legitimate, then for all n ≥ 1

E[X n] = M
(n)
X (0) =

dn

dtn
E [etX ]

∣∣∣
t=0

where M
(n)
X (0) is the n-th derivative of MX (t) evaluated at t = 0.

Proof.

M
(n)
X (t) = E[X netX ].

Computed at t = 0 we get

M
(n)
X (0) = E[X n].
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Why we can switch the order of the derivative and the expectation?

Assume for simplicity that X has integer values. Let D(X ) be the
domain of X .

MX (t) = E [etX ] =
∑

i∈D(X )

etiPr(X = i).

For finite or uniformly convergent sum:

M
(1)
X (t) =

d

dt
E [etX ] =

d

dt

 ∑
i∈D(X )

etiPr(X = i)


=

∑
i∈D(X )

d

dt
etiPr(X = i) = E [

d

dt
eti ]
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Theorem

Let X and Y be two random variables. If

MX (t) = MY (t)

for all t ∈ (−δ, δ) for some δ > 0, then X and Y have the same
distribution.

Theorem

If X and Y are independent random variables then

MX+Y (t) = MX (t)MY (t).

Proof.

MX+Y (t) = E[et(X+Y )] = E[etX ]E[etY ] = MX (t)MY (t).
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The Basic Idea of Large Deviation Bounds:

For any random variable X , by Markov inequality we have:
For any t > 0,

Pr(X ≥ a) = Pr(etX ≥ eta) ≤ E[etX ]

eta
.

Similarly, for any t < 0

Pr(X ≤ a) = Pr(etX ≥ eta) ≤ E[etX ]

eta
.

Theorem (Markov Inequality)

If a random variable X is non-negative (X ≥ 0) then

Prob(X ≥ a) ≤ E [X ]

a
.

11 / 47



The General Scheme:

For any random variable X :

1 computing E [etX ]

2 optimize

Pr(X ≥ a) ≤ min
t>0

E[etX ]

eta

Pr(X ≤ a) ≤ min
t<0

E[etX ]

eta
.

3 symplify
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Chernoff Bound for Sum of Bernoulli Trials

Theorem

Let X1, . . . ,Xn be independent Bernoulli random variables such
that Pr(Xi = 1) = pi . Let X =

∑n
i=1 Xi and µ =

∑n
i=1 pi .

• For any δ > 0,

Pr(X ≥ (1 + δ)µ) ≤
(

eδ

(1 + δ)1+δ

)µ

. (1)

• For 0 < δ ≤ 1,

Pr(X ≥ (1 + δ)µ) ≤ e−µδ2/3. (2)

• For R ≥ 6µ,
Pr(X ≥ R) ≤ 2−R . (3)
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Chernoff Bound for Sum of Bernoulli Trials

Let X1, . . . ,Xn be a sequence of independent Bernoulli trials with
Pr(Xi = 1) = pi . Let X =

∑n
i=1 Xi , and let

µ = E[X ] = E

[
n∑

i=1

Xi

]
=

n∑
i=1

E[Xi ] =
n∑

i=1

pi .

For each Xi :

MXi
(t) = E[etXi ]

= pie
t + (1− pi )

= 1 + pi (e
t − 1)

≤ epi (e
t−1).
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MXi
(t) = E[etXi ] ≤ epi (e

t−1).

Taking the product of the n generating functions we get for
X =

∑n
i=1 Xi

MX (t) =
n∏

i=1

MXi
(t)

≤
n∏

i=1

epi (e
t−1)

= e
∑n

i=1 pi (e
t−1)

= e(e
t−1)µ
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MX (t) = E[etX ] = e(e
t−1)µ

Applying Markov’s inequality we have for any t > 0

Pr(X ≥ (1 + δ)µ) = Pr(etX ≥ et(1+δ)µ)

≤ E[etX ]

et(1+δ)µ

≤ e(e
t−1)µ

et(1+δ)µ

For any δ > 0, we can set t = ln(1 + δ) > 0 to get:

Pr(X ≥ (1 + δ)µ) ≤
(

eδ

(1 + δ)(1+δ)

)µ

.

This proves (1).
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We show that for 0 < δ < 1,

eδ

(1 + δ)(1+δ)
≤ e−δ2/3

or that f (δ) = δ − (1 + δ) ln(1 + δ) + δ2/3 ≤ 0
in that interval. Computing the derivatives of f (δ) we get

f ′(δ) = 1− 1 + δ

1 + δ
− ln(1 + δ) +

2

3
δ = − ln(1 + δ) +

2

3
δ,

f ′′(δ) = − 1

1 + δ
+

2

3
.

f ′′(δ) < 0 for 0 ≤ δ < 1/2, and f ′′(δ) > 0 for δ > 1/2.
f ′(δ) first decreases and then increases over the interval [0, 1].
Since f ′(0) = 0 and f ′(1) < 0, f ′(δ) ≤ 0 in the interval [0, 1].
Since f (0) = 0, we have that f (δ) ≤ 0 in that interval.
This proves (2).

17 / 47



For R ≥ 6µ, δ ≥ 5.

Pr(X ≥ (1 + δ)µ) ≤
(

eδ

(1 + δ)(1+δ)

)µ

≤
(e
6

)R

≤ 2−R ,

that proves (3).
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Theorem

Let X1, . . . ,Xn be independent Bernoulli random variables such
that Pr(Xi = 1) = pi . Let X =

∑n
i=1 Xi and µ = E[X ].

For 0 < δ < 1:

•

Pr(X ≤ (1− δ)µ) ≤
(

e−δ

(1− δ)(1−δ)

)µ

. (4)

•
Pr(X ≤ (1− δ)µ) ≤ e−µδ2/2. (5)
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Using Markov’s inequality, for any t < 0,

Pr(X ≤ (1− δ)µ) = Pr(etX ≥ e(1−δ)tµ)

≤ E[etX ]

et(1−δ)µ

≤ e(e
t−1)µ

et(1−δ)µ

For 0 < δ < 1, we set t = ln(1− δ) < 0 to get:

Pr(X ≤ (1− δ)µ) ≤
(

e−δ

(1− δ)(1−δ)

)µ

≤ e−µδ2/2

This proves (4).
We need to show:

f (δ) = −δ − (1− δ) ln(1− δ) +
1

2
δ2 ≤ 0.
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We need to show:

f (δ) = −δ − (1− δ) ln(1− δ) +
1

2
δ2 ≤ 0.

Differentiating f (δ) we get

f ′(δ) = ln(1− δ) + δ,

f ′′(δ) = − 1

1− δ
+ 1.

Since f ′′(δ) < 0 for δ ∈ (0, 1), f ′(δ) decreasing in that interval.
Since f ′(0) = 0, f ′(δ) ≤ 0 for δ ∈ (0, 1). Therefore f (δ) is non
increasing in that interval.
f (0) = 0. Since f (δ) is non increasing for δ ∈ [0, 1), f (δ) ≤ 0 in
that interval, and (5) follows.
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Theorem

Let X1, . . . ,Xn be independent Bernoulli random variables such
that Pr(Xi = 1) = pi . Let X =

∑n
i=1 Xi and µ = E[X ].

For 0 < δ < 1:

Pr(X ≥ (1 + δ)µ) ≤ e−µδ2/3.

Pr(X ≤ (1− δ)µ) ≤ e−µδ2/2.

Let X̄ = 1
n

∑n
i=1 Xi . and µ̄ = E[X̄ ].

Pr(X̄ ≥ (1 + δ)µ̄) ≤ e−nµ̄δ2/3.

Pr(X̄ ≤ (1− δ)µ̄) ≤ e−nµ̄δ2/2.
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Example: estimate the value of π

1

• Choose X and Y independently and uniformly at random in
[0, 1].

• Let

Z =

{
1 if

√
X 2 + Y 2 ≤ 1,

0 otherwise,

• 1
2 ≤ p = Pr(Z = 1) = π

4 ≤ 1.

• 4E[Z ] = π.
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• Let Z1, . . . ,Zm be the values of m independent experiments.
Wm =

∑m
i=1 Zi .

•

E[Wm] = E

[
m∑
i=1

Zi

]
=

m∑
i=1

E[Zi ] =
mπ

4
,

• π̃m = 4
mWm is an unbiased estimate for π ( i.e. E [π̃m] = π)

• How many samples do we need to obtain a good estimate?

Pr(|π̃m − π| ≥ ϵπ) = Pr
(
|W − mπ

4
| ≥ ϵmπ

4

)
= Pr (|Wm − E[Wm]| ≥ ϵE[Wm])

= Pr (Wm − E[Wm] ≥ ϵE[Wm]) + Pr (Wm − E[Wm] ≤ ϵE[Wm])

≤ e−
1
3
mπ
4
ϵ2 + e−

1
2
mπ
4
ϵ2 ≤ 2e−

1
12
mπϵ2 .

Since it’s easy to verify that π > 2

Pr(|π̃m − π| ≥ ϵπ) ≤ 2e−
1
12
mπϵ2 ≤ e−

1
6
mϵ2 = δ

For ϵ = 0.1 and δ = 0.01 we need m ≥ 4000.
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Set Balancing

Given an n × n matrix A with entries in {0, 1}, let


a11 a12 ... a1n
a21 a22 ... a2n
... ... ... ...
... ... ... ...
an1 an2 ... ann




b1
b2
...
...
bn

 =


c1
c2
...
...
cn

.

Find a vector b̄ with entries in {−1, 1} that minimizes

||Ab̄||∞ = max
i=1,...,n

|ci |.
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Example:


0 0 1 1
0 1 0 1
0 1 1 1
0 0 0 1




1
1
−1
−1

 =


−2
0
−1
−1

.

||Ab̄||∞ = max
i=1,...,n

|ci | = 2.


0 0 1 1
0 1 0 1
0 1 1 1
0 0 0 1




−1
1
1
−1

 =


0
0
1
−1

.

||Ab̄||∞ = max
i=1,...,n

|ci | = 1.
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Set Balancing

Given an n × n matrix A with entries in {0, 1}, let


a11 a12 ... a1n
a21 a22 ... a2n
... ... ... ...
... ... ... ...
an1 an2 ... ann




b1
b2
...
...
bn

 =


c1
c2
...
...
cn

.

Find a vector b̄ with entries in {−1, 1} that minimizes

||Ab̄||∞ = max
i=1,...,n

|ci |.

We’ll show:

• A random b̄ gives Pr(||Ab̄||∞ ≥
√
4n ln n) ≤ 2

n .

• There is a matrix A for which ||Ab̄||∞ = Ω(
√
n).
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Theorem

For a random vector b̄, with entries chosen independently and with
equal probability from the set {−1, 1},

Pr(||Ab̄||∞ ≥
√
4n ln n) ≤ 2

n
.

or

Pr(max
i
{ci =

n∑
j=1

ai ,jbj} ≥
√
4n ln n) ≤ 2

n
.

For a given i , ci =
∑n

j=1 ai ,jbj , where ai ,j is either 0 or 1, and bj is
either −1 or 1.
We need a bound on the sum of random variables with values in
{−1, 1} .
We need a strong bound (≤ 1/n) so we can use union bound over
the n rows.
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Chernoff Bound for Sum of {−1,+1} Random
Variables

Theorem

Let X1, ...,Xn be independent random variables with

Pr(Xi = 1) = Pr(Xi = −1) =
1

2
.

Let X =
∑n

1 Xi . For any a > 0,

Pr(X ≥ a) ≤ e−
a2

2n .

de Moivre – Laplace approximation: For any k , such that
|k − np| ≤ a(

n

k

)
pk(1− p)n−k ≈ 1√

2πnp(1− p)
e
− a2

2np(1−p)
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For any t > 0,

E[etXi ] =
1

2
et +

1

2
e−t .

et = 1 + t +
t2

2!
+ · · ·+ t i

i !
+ . . .

and

e−t = 1− t +
t2

2!
+ · · ·+ (−1)i

t i

i !
+ . . .

Thus,

E[etXi ] =
1

2
et +

1

2
e−t =

∑
i≥0

t2i

(2i)!

≤
∑
i≥0

( t
2

2 )
i

i !
= et

2/2
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E[etX ] =
n∏

i=1

E[etXi ] ≤ ent
2/2,

Pr(X ≥ a) = Pr(etX > eta) ≤ E[etX ]

eta
≤ et

2n/2−ta.

Setting t = a/n yields

Pr(X ≥ a) ≤ e−
a2

2n .
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By symmetry we have

Corollary

Let X1, ...,Xn be independent random variables with

Pr(Xi = 1) = Pr(Xi = −1) =
1

2
.

Let X =
∑n

i=1 Xi . Then for any a > 0,

Pr(|X | > a) ≤ 2e−
a2

2n .
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Application: Set Balancing

Theorem

For a random vector b̄, with entries chosen independently and with
equal probability from the set {−1, 1},

Pr(||Ab̄||∞ ≥
√
4n ln n) ≤ 2

n
(6)

• Consider the i-th row āi = ai ,1, ...., ai ,n.

• Let k be the number of 1’s in that row.

• Zi =
∑k

j=1 ai ,ijbij .

• If k ≤
√
4n ln n then clearly Zi ≤

√
4n ln n.
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If k >
√
4n log n, the k non-zero terms in the sum Zi are

independent random variables, each with probability 1/2 of being
either +1 or −1.
Using the Chernoff bound:

Pr
{
|Zi | >

√
4n log n

}
≤ 2e−4n log n/(2k) ≤ 2e−4n log n/(2n) ≤ 2

n2
,

where we use the fact that n ≥ k.
The result follows by union bound on the n rows.
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Hoeffding’s Inequality

Large deviation bound for more general random variables:

Theorem (Hoeffding’s Inequality)

Let X1, . . . ,Xn be independent random variables such that for all
1 ≤ i ≤ n, E [Xi ] = µ and Pr(a ≤ Xi ≤ b) = 1. Then

Pr(|1
n

n∑
i=1

Xi − µ| ≥ ϵ) ≤ 2e−2nϵ2/(b−a)2

Lemma

(Hoeffding’s Lemma) Let X be a random variable such that
Pr(X ∈ [a, b]) = 1 and E [X ] = 0. Then for every λ > 0,

E[EλX ] ≤ eλ
2(a−b)2/8.
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Proof of the Lemma

Since f (x) = eλx is a convex function, for any α ∈ (0, 1) and
x ∈ [a, b],

f (X ) ≤ αf (a) + (1− α)f (b).

Thus, for α = b−x
b−a ∈ (0, 1),

eλx ≤ b − x

b − a
eλa +

x − a

b − a
eλb.

Taking expectation, and using E[X ] = 0, we have

E [eλX ] ≤ b

b − a
eλa +

a

b − a
eλb ≤ eλ

2(b−a)2/8.
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Proof of the Bound

Let Zi = Xi − E[Xi ] and Z = 1
n

∑n
i=1 Xi .

Pr(Z ≥ ϵ) ≤ e−λϵE[eλZ ] ≤ e−λϵ
n∏

i=1

E[eλXi/n] ≤ e−λϵ+λ2(b−a)2

8n

Set λ = 4nϵ
(b−a)2

gives

Pr(|1
n

n∑
i=1

Xi − µ| ≥ ϵ) = Pr(Z ≥ ϵ) ≤ 2e−2nϵ2/(b−a)2
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A More General Version

Theorem

Let X1, . . . ,Xn be independent random variables with E[Xi ] = µi

and Pr(Bi ≤ Xi ≤ Bi + ci ) = 1, then

Pr(|
n∑

i=1

Xi −
n∑

i=1

µi | ≥ ϵ) ≤ 2e
− 2ϵ2∑n

i=1
c2
i
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Application: Job Completion

We have n jobs, job i has expected run-time µi . We terminate job
i if it runs βµi time. When will the machine will be free of jobs?
Xi = execution time of job i . 0 ≤ Xi ≤ βµi .

Pr(|
n∑

i=1

Xi −
n∑

i=1

µi | ≥ ϵ

n∑
i=1

µi ) ≤ 2e
− 2ϵ2(

∑n
i=1 µi )

2∑n
i=1

β2µ2
i

Assume all µi = µ

Pr(|
n∑

i=1

Xi − nµ| ≥ ϵnµ) ≤ 2e
− 2ϵ2n2µ2

nβ2µ2 = 2e−2ϵ2n/β2

Let ϵ = β
√

log n
n , then

Pr(|
n∑

i=1

Xi − nµ| ≥ βµ
√
n log n) ≤ 2e

− 2β2µ2n log n

nβ2µ2 =
2

n2
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Dimension Reduction
Given a set of m points x̄1, . . . , x̄m ∈ Rn we what to find a set of
m points ȳ1, . . . , ȳm ∈ Rd such that

• d << n
• For all 1 ≤ i ≤ m,

||x̄ i || ≈ ||ȳ i ||.

• For all i and j
||x̄ i − x̄ j || ≈ ||ȳ i − ȳ j ||.

• || · || is the standard Euclidean norm:

||x̄ || =

√√√√ n∑
k=1

x2k ||ȳ || =

√√√√ d∑
k=1

y2k

• There is an efficient randomized algorithm to compute the
projection.
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Main Result

Theorem

Given arbitrary x̄1, . . . , x̄m ∈ Rn, any 0 < ϵ < 1, and some
d = O( logm

ϵ2
), there are ȳ1, . . . , ȳm ∈ Rd such that

• For all 1 ≤ i ≤ n,

(1− ϵ)||x̄ i || ≤ ||ȳ i || ≤ (1 + ϵ)||x̄ i ||

• For all i and j,

(1− ϵ)||x̄ i − x̄ j || ≤ ||ȳ i − ȳ j || ≤ (1 + ϵ)||x̄ i − x̄ j ||
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Proof:

Let x̄ = (x1, . . . , xn)
T ∈ Rn be arbitrary.

Let T be an n × d matrix with i.i.d. entries Ti ,j ∼ N(0, 1).
Define the transformation Ȳ = 1√

d
Tx̄ . Ȳ = (Y1, . . . ,Yd).

Yi =
1√
d

n∑
j=1

Ti ,jxj .

√
dYi is distributed N(0,

∑n
j=1 x

2
j ) = N(0, ||x ||2),

Zi =
√
dYi

||X || ∼ N(0, 1).
The Yi ’s, and therefore the Zi ’s are independent r.v.’s.

We are interested in ||Y ||2 =
∑d

j=1 Y
2
i = ||x ||2

d

∑d
i=1 Z

2
i .

What is the distribution of
∑d

i=1 Z
2
i ?
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Large Deviation Bound for χ2 Distribution

If Zi ∼ N(0, 1) then Hd =
∑d

i=1 Z
2
i is distributed χ2

(d).

The moment generating function of H1 (for 0 < t < 1/2) is:

E [etH1 ] =
1√
2π

∫ ∞

−∞
etz

2
e−z2/2dz let u = z

√
1− 2t and t < 1/2

=
1√

2π
√
1− 2t

∫ ∞

−∞
e−u2/2du =

1√
1− 2t

Pr(Hd ≥ d(1 + ϵ)2) ≤ (1− 2t)−d/2

etd(1+ϵ)2
≤ (1 + ϵ)d

e
d
2
((1+ϵ)2−1)

≤ e−dϵ2/2,

For t = 1
2(1−

1
(1+ϵ)2

) < 1/2.
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||y ||2 =
d∑

j=1

y2i =
||x ||2

d

d∑
i=1

Z 2
i

Pr(Hd =
d∑

i=1

Z 2
i ≥ d(1 + ϵ)2) ≤ e−dϵ2/2

Pr(||y || ≥ (1 + ϵ)||x ||) = Pr(||y ||2 ≥ (1 + ϵ)2||x ||2)

= Pr((
d∑

i=1

Z 2
i ≥ d(1 + ϵ)2)

≤ e−dϵ2/2 ≤ 1

m2

for d = 4 logm
ϵ2

.

44 / 47



For d = 2(logm+log(δ/2))
ϵ2

,

Pr(||y || ≥ (1 + ϵ)||x ||) ≤ e−dϵ2/2 =
δ

2m

Similar result for Pr(||y || ≤ (1− ϵ)||x ||).

Union bound on m +
(m
2

)
events:

• For all 1 ≤ i ≤ n, (1− ϵ)||x̄ i || ≤ ||ȳ i || ≤ (1 + ϵ)||x̄ i ||
• For all i ̸= j , (1− ϵ)||x̄ i − x̄ j || ≤ ||ȳ i − ȳ j || ≤ (1 + ϵ)||x̄ i − x̄ j ||

For d = 2(logm+log(δ/2))
ϵ2

a random construction provide a good
projection with probability 1− δ.

Since the probability that all these events hold simultaneously for a
random matrix T is > 0, their must be a projection that satisfies
all the requirements.
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Theory: Sub-Gaussian and Sub-Exponential
Distributions

• The MGF of Z ∼ N(0, 1) is

E [etZ ] =
1√
2π

∫ ∞

−∞
etze−z2/2dz =

1√
2π

∫ ∞

−∞
e−

1
2 (z−t)2+t2/2 = et

2/2

• The MGF of X ∼ N(0, σ) is

E [etX ] =
1√
2πσ2

∫ ∞

−∞
etxe−

x2

2σ2 dx = eσ
2t2/2

• The MGF of {−1,+1} with probabilities 1/2, 1/2 is
E [etX ] =≤ et

2/2

• The MGF of X such that Pr(X ∈ [a, b]) = 1 and E [X ] = 0, is

E[E tX ] ≤ et
2(a−b)2/8.

• A centered (E [X ] = 0) random variable is Sub-Gaussian if
there is a constant c such that E [etX ] ≤ ec

2t2 .
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Theory: Sub-Gaussian and Sub-Exponential
Distributions

• A centered (E [X ] = 0) Sub-Gaussian random variable
satisfies, for some constant c > 0,

Pr(|X | > a) ≤ e−ca2 .

• A sum of independent Sub-Gaussian random variable is
Sub-Gaussian.

• If X is Sub-Gaussian then X 2 is Sub-Exponential.

• If Y is Sub-Exponential then for some constant c > 0,

Pr(|Y | > a) ≤ e−ca.

• A sum of independent Sub-Exponential random variable is
Sub-Exponential.
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